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Abstract. A crucial problem for part-sky analysis of CMB polarization is the E-B leakage
problem. Such leakage arises from the presence of ‘ambiguous’ modes that satisfy proper-
ties of both E and B modes. Solving this problem is critical for primordial polarization
B mode detection in part-sky CMB polarization experiments. In this work we introduce a
new method for reducing the leakage. We demonstrate that if we complement the E-mode
information outside the observation patch with ancillary data from full-sky CMB observa-
tions, we can reduce and even effectively remove the E-to-B leakage. For this objective, we
produce E-mode Stokes QU maps from Wiener filtered full-sky intensity and polarization
CMB observations. We use these maps to fill the sky region that is not observed by the
ground-based experiment of interest, and thus complement the part-sky Stokes QU maps.
Since the E-mode information is now available on the full sky we see a significant reduction
in the E-to-B leakage. We evaluate on simulated data sets the performance of our method for
a ‘shallow’ fsky = 8%, and a ‘deep’ fsky = 2% northern hemisphere sky patch, with AliCPT-
like properties, by combining those observations with Planck-like full sky polarization maps.
We find that our method outperforms the standard and the pure-B method pseudo-C` esti-
mators for all of our simulations. Our new method gives unbiased estimates of the B-mode
power spectrum with near-optimal errors. We also study the application of our method to
the CMB-S4 experiment combined with LiteBIRD-like full sky data, and show that using
signal-dominated full sky E-mode data we can eliminate the E-to-B leakage problem.
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1 Introduction
After the final publication of the Planck space mission Cosmic Microwave Background (CMB)
observations [1], much of the attention of the CMB community has turned towards the precise
measurement of CMB polarization anisotropies, and in particular the detection of primordial
polarization patterns originating from inflationary gravitational waves.
CMB polarization on the celestial sphere can be decomposed in two distinct contribu-
tions with different properties [2, 3]. E modes, of even parity, are generated by all types of
primordial perturbations of the spacetime metric. Plasma motions at last scattering, primar-
ily due to acoustic oscillations generated by the time-evolution of primordial scalar (density)
perturbations, are the main source of CMB polarization E modes. Polarization B modes, of
odd parity, and of much lower amplitude than polarization E modes, are not directly gen-
erated by scalar perturbations. They mostly arise after last scattering, from distortions of
the polarization E-mode pattern by gravitational lensing along the photon path. They can
also be generated in the early universe by tensor perturbations of the metric (gravitational
waves). The detection of those primordial gravitational waves is essential to understand the
physics at work in the early universe, at energy scales comparable to the Planck scale, and
in particular, to constrain models of cosmic inflation [4].
Future space mission concepts for measuring CMB polarization have been proposed or
are currently under study [5–9], but none of them is expected to be launched before the
end of the 2020s. In the mean time, progress in the CMB field relies on a programme of
sub-orbital experiments that will observe limited regions of the celestial sphere. By reason
of contamination of CMB observations by foreground astrophysical emission, even those
experiments capable of observing substantial fractions of sky must limit cosmological analyses
to clean regions of typically of few percent to a few tens of percents of the total sky. The
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ultimate ground-based CMB experiment, CMB-S4 [10–12], targets a sky patch of less than
10% sky for an attempt at the detection of primordial gravitational waves.
The observation of limited patches of sky restricts the polarization analysis to a subset
only of the sky polarization modes. This does not permit the perfect disambiguation of E-
type and B-type polarization. E modes being significantly brighter than the target B modes
(from both gravitational lensing and primordial origin), care must be taken to avoid even
a small contribution of E modes in any B-mode power spectrum estimate implemented on
part-sky observations.
Various methods to address this problem have been proposed by a number of authors.
Most popular methods in literature are typically those which construct orthonormal bases
for E and B modes, to separate out the ‘pure’ modes from the leakage-causing ‘ambiguous’
modes [13–18]. There are also methods in pixel space which attempt to clean the leakage
from E to B by estimating a template of the leakage in the pixel domain [19]. Effective E-B
mode separation has also been implemented using Wiener filtering methods [20, 21]. All of
these methods vary in complexity and performance. The ‘pure’ mode construction method
is however one of the most popular ones for E-to-B leakage control.
In this paper, we investigate a new approach based on the use of ancillary full-sky
E-mode data to reduce the leakage of E modes in part-sky B-mode maps observed with
ground-based CMB polarization experiments. The key idea is that outside the small patch
of interest, E-mode maps with fair signal-to-noise ratio can be used to avoid the sharp
discontinuity of the observed E-mode polarization map that is the main source of E to B
leakage. As working examples, we consider two simple sky patches that could be observed
with a Northern-hemisphere CMB experiment such as the AliCPT telescope currently being
deployed on the Ali Observatory site in Tibet [22], and a Southern-hemisphere patch that
could be targeted with the future CMB-S4 experiment. We complement them by either a
CMB E-mode map obtained with the Planck space mission, or by a map obtained with the
future LiteBIRD satellite.
The paper is organized as follows: In section 2 we discuss the simulation setups used
in this work. The mathematical framework and background of CMB polarization analysis is
discussed in section 3. The ideal case expectation for CMB power spectra estimation for part-
sky observations is discussed in 3.1, a few selected methods of power spectra estimation with
E to B leakage reduction are discussed in 3.2, and our newly proposed method is discussed
in detail in 3.3. We have a comparative discussion of our proposed method in section 4.
2 Simulations
In this work we simulate CMB observations for a satellite experiment with full sky coverage,
together with observations from a ground-based experiment covering smaller sky fractions.
We consider two limiting cases for the scalar-to-tensor ratio r: r = 0 and r = 0.05. For
the ground-based survey we consider two sky patch options in the northern hemisphere, a
‘shallow’ patch with fsky = 8% and a smaller ‘deeper’ patch with fsky = 2%. We also consider
a fsky = 3% sky patch in the southern hemisphere with properties of the CMB-S4 Lo-Res
Ultra Deep field. These sky patches are shown in figure 1. The foreground emissions for
the northern hemisphere sky patches are shown in figure 2. For the CMB-S4 sky patch we
choose a 3% sky patch similar to ones chosen in [30]. We consider full-sky E-mode maps
obtained with surveys resembling those from the Planck experiment and from the upcoming
LiteBIRD space mission.
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Figure 1: Orthogonal projection of the three different sky patches studied in this work. Left:
fsky = 8% patch 1 in the northern hemisphere, Center: fsky = 2% patch 2 in the northern
hemisphere, and Right: fsky = 3% CMB-S4 patch in the southern hemisphere
PATCH 1 (≈8% sky fraction)
Overlaid on 95GHz intensity
PATCH 2 (≈2% sky fraction)
Overlaid on 95GHz intensity
0 µK 0 µK100 µK 100 µK
PATCH 1 (≈8% sky fraction)
Overlaid on 95GHz polarization
PATCH 2 (≈2% sky fraction)
Overlaid on 95GHz polarization
0 µK 0 µK100 µK 100 µK
Figure 2: Orthogonal projection of the Northern galactic hemisphere, showing sky patches considered
in this work (lighter region). The larger patch (Patch 1, sightly more than 8% sky fraction),
extends from RA=125 to RA=260, and from DEC=30 to DEC=70. The smaller patch
extends from RA=158.75 to RA=226.25, and from DEC=40 to DEC=60. The 95 GHz
foreground emission is modelled with an updated version of the Planck Sky Model [23].
Thermal dust is modelled by scaling a 353 GHz template from the Planck collaboration
[24], cleaned from cosmic infrared background contamination with the GNILC method [25].
Synchrotron is modelled by scaling in frequency the map of [26]. Dust and Synchrotron
polarization, which both contribute to the total polarized emission displayed in the right two
panels, are based on Planck collaboration maps from the third data release [27], obtained
with the SMICA method [28, 29].
We can write the simulated observations dX as:
dX = (sX + nX) ·WX , (2.1)
where sX represents the beam-smoothed CMB signal, and nX the noise realization for in-
strument X. The mask for the corresponding survey region is denoted as WX . In this work
we assume negligible foreground contamination residuals, homogeneous noise, and disregard
any filtering of the observation timelines to remove systematic effects from ground-pickup
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Figure 3: Plot of the noise levels used in this work and comparison with CMB power spectra we use
as input for the simulations. In the figure on the left we plot the noise levels for Planck
and patch 1 and patch 2. In the figure on the right we show the noise levels for LiteBIRD
and CMB-S4 Lo-Res Ultra-Deep patch. The noise power spectra shown in the plots are
deconvolved from the beam of the instrument (FWHM mentioned in brackets).
and from fluctuations of atmospheric foreground emission. We postpone our investigation of
the impact of these complications to future work.
We use the synfast function from the HEALPix1 python package (healpy) [31, 32] to
generate Gaussian CMB realizations at NSIDE= 1024. The input CMB power spectra used
in synfast are calculated using CAMB2 [33] with 2018 Planck cosmological parameters [34],
with weak lensing. The northern hemisphere patches are assumed to be observed with an
AliCPT-like 19′ Gaussian beam. The southern hemisphere ground patch is observed with a
22.7′ Gaussian beam. The full sky Planck-like simulations are smoothed with a 10′ Gaussian
beam, while the LiteBIRD simulations are smoothed with a 19.6′ Gaussian beam. This gives
us the smoothed CMB signal sX for the different instruments.
We only consider isotropic white noise in this work. We assume the northern hemisphere
ground-based experiment has polarization white noise RMS of 10 µK-arcmin in the larger,
‘shallow’ patch (8% sky fraction) and 5 µK-arcmin in the smaller, ‘deeper’ patch (2% sky
fraction). For the CMB-S4-like patch in the southern hemisphere (3% sky fraction) we assume
an effective noise at the level expected for the CMB-S4 Small Aperture Telescope (SAT) 95,
145 and 155 GHz channels [30] combined by inverse noise weighting in harmonic space. We
compute the noise power spectra for the three channels using values from CMB-S4 Wiki3
following forecast methods described in [30], and then adjust for the different resolution of
the different channels to bring them all to the common resolution of 22.7′. The resolution
adjusted noise power spectrum in each frequency band is given by:
N˜`,ν = σ
2
P exp
[
−`(`+ 1)
(
θ2ν − θ20
)
8 ln 2
]
, (2.2)
where σP is the RMS of the noise in µK-radian, θν is the FWHM of the Gaussian beam of
the channel centered at frequency ν, and θ0 the target resolution of 22.7
′ for CMB-S4. We
then get an effective noise power spectrum N`,eff for these three channels by combining the
1http://healpix.sourceforge.net
2http://camb.info
3https://cmb-s4.org/wiki/index.php/Expected Survey Performance for Science Forecasting
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noise power spectra (N˜`,ν) from the three channels,
N`,eff =
[∑
ν
N˜−1`,ν
]−1
. (2.3)
We then use synfast to obtain isotropic noise with the CMB-S4 noise power spectra.
For the full sky satellite experiment we consider three noise cases. In the first case, we
consider a white noise RMS of 50 µK-arcmin in polarization and 25 µK-arcmin in tempera-
ture. These values are representative of the sensitivity of the Planck space mission on small
and intermediate scales. For our second case, we consider the effective noise power spectra
of Planck 100, 143 and 217 GHz HFI channels. We obtain those by averaging noise power
spectra from 300 FFP-10 simulated noise maps for each of the three channels. We then use
equation (2.3) to obtain the inverse noise weighted effective noise power spectrum of the three
combined channels, which matches the value of 50 µK-arcmin on small scales, but features
excess noise for ` ≤ 100 (see figure 3, left panel). We use the effective noise power spectra to
compute isotropic noise realizations for the Planck case.
For the LiteBIRD setup, we combine six Low Frequency Telescope (LFT) channels
from 68 to 140 GHz and six High Frequency Telescope (HFT) channels from 100 to 235
GHz [35]. These are adjusted for resolution and brought to the common resolution of 19.6′
following equation (2.2). Finally these are combined by inverse noise weights by equation
(2.3). A comparison of the input CMB power spectra and the different noise levels is shown
in figure 3 (right panel).
Combining the smoothed signal maps and noise maps in the observation patch of the
experiment, we get the following set of simulated ground observations:
1. dpatch1: 19
′ resolution signal with 10 µK-arcmin noise in patch 1, or
2. dpatch2: 19
′ resolution signal with 5 µK-arcmin noise in patch 2; and
3. dCMB-S4: 22.7
′ resolution signal with isotropic noise from effective noise power spectra
of 95-145-155 GHz channels, in CMB-S4 patch.
Similarly, we have the following combined satellite experiment simulations:
1. dPlanck1: 10
′ resolution signal with 25 µK-arcmin temperature noise and 50 µK-arcmin
polarization noise, or
2. dPlanck2: 10
′ resolution signal with isotropic noise from effective noise spectra of the
100-143-217 GHz channels;
3. dLiteBIRD: 19.6
′ resolution signal with isotropic noise from the effective noise power
spectra from the 12 channels between 68 and 235 GHz.
In the next sections we analyze the performance of E to-B leakage reduction techniques for
the three ground observation cases using the simulated data sets.
3 Part-sky polarization analysis
CMB polarization experiments measure Stokes Q and U linear polarization fields on the sky.
The Stokes Q and U , however, are not scalar fields, as their value depends on the choice
of a coordinate system. The combinations P± = Q ± iU are spin-(±2) fields, which can be
expanded in terms of spin-weighted spherical harmonics as:
P±(nˆ) =
∑
`m
a±2,`m ±2Y`m(nˆ), (3.1)
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where a±2,`m are the expansion coefficients. We define the scalar E-mode and the pseu-
doscalar B-mode fields with spherical harmonic coefficients: [36]:
aE,`m = −1
2
(a2,`m + a−2,`m) = −1
2
[∫
P+(nˆ)2Y
∗
`m(nˆ)dΩ +
∫
P−(nˆ)−2Y ∗`m(nˆ)dΩ
]
aB,`m =
i
2
(a2,`m − a−2,`m) = i
2
[∫
P+(nˆ)2Y
∗
`m(nˆ)dΩ−
∫
P−(nˆ)−2Y ∗`m(nˆ)dΩ
]
. (3.2)
The E- and B-mode auto power spectra are defined as:
CEE` =
1
2`+ 1
∑
m
〈aE,`ma∗E,`m〉,
CBB` =
1
2`+ 1
∑
m
〈aB,`ma∗B,`m〉. (3.3)
One can use spin lowering and raising operators (ð and ð¯) of [37] to construct spin zero
fields from the spin-(±2) fields. We can define two rotationally invariant fields in real space
as [36]:
E(nˆ) = −1
2
[
ð¯ð¯P+(nˆ) + ððP−(nˆ)
]
,
B(nˆ) = i
2
[
ð¯ð¯P+(nˆ)− ððP−(nˆ)
]
. (3.4)
The E and B fields are the pure-E and the pure-B fields. These can be related to potential
functions E = ððð¯ð¯ψE , and B = ððð¯ð¯ψB [15]. So we can write P+ = −ðð [ψE + iψB] and
P− = −ð¯ð¯ [ψE − iψB]. It can be seen that a pure-E only polarization field has no pure-B
projection or vise-versa. Hence the pure-E and pure-B fields are orthogonal to one another.
The pure E-B fields are related to the E-B modes as:
aE/B,`m =
√
(`+ 2)!
(`− 2)!aE/B,`m. (3.5)
For a part-sky analysis, we have two complications. First, because of the incomplete
sky coverage, there is mixing of power between the different harmonic modes. Even for a
scalar field, like the CMB temperature field, we would need to correct for mode mixing. The
most common method to correct for this is by the so-called pseudo-C` estimators [38]. The
second additional complication arises for CMB polarization as the decomposition into E and
B modes is unique only for full sky Q and U fields. For part-sky Q and U observations, modes
which satisfy the properties of either E or B modes project similarly on the part-sky patch.
These are termed ‘ambiguous’ modes [15]. The contribution of these ambiguous modes to
the B-mode spectrum generates a significant overestimate of the B-mode power spectrum,
termed as E-B leakage.
On a part of sky defined by the weight function W (nˆ), the E- and B-mode spherical
harmonic coefficients are given by:
a˜E,`m = −1
2
[∫
P+(nˆ)W (nˆ)2Y
∗
`m(nˆ)dΩ +
∫
P−(nˆ)W (nˆ)−2Y ∗`m(nˆ)dΩ
]
,
a˜B,`m =
i
2
[∫
P+(nˆ)W (nˆ)2Y
∗
`m(nˆ)dΩ−
∫
P−(nˆ)W (nˆ)−2Y ∗`m(nˆ)dΩ
]
. (3.6)
– 6 –
We can rewrite the full sky P± field, and the window function in terms of their spherical
harmonic decomposition in the above relations giving us:
a˜E,`m =
∑
`′m′
[
KEE`m`′m′aE,`′m′ + iK
EB
`m`′m′aB,`′m′
]
,
a˜B,`m =
∑
`′m′
[−iKBE`m`′m′aE,`′m′ +KBB`m`′m′aB,`′m′] . (3.7)
The mixing kernels KXY`m`′m′ [39] mix the E and B modes, as well as spherical harmonic
modes corresponding to different (`,m) pairs. It should be noted that the KEB`m`′m′ matrix
couples the part-sky E modes (a˜E,`m) with the original B modes (aB,`m), while the K
BE
`m`′m′
matrix couples the part-sky B modes (a˜B,`m) with the original E modes (aE,`m). These are
the leakage terms for the part-sky decomposition.
In the following, we first discuss the power spectra recovery from part sky data, then
outline some of the existing methods to correct for the E-B leakage, and finally introduce
our new method for E-B leakage control.
3.1 The ideal case performance
For a scalar field f(nˆ) =
∑
`m a`mY`m(nˆ), spherical harmonic coefficients on a part-sky a˜`m
can be written as:
a˜`m =
∫
f(nˆ)W (nˆ)Y ∗`m(nˆ)dΩ (3.8)
=
∑
`′m′
K`m`′m′a`′m′ , (3.9)
where W (nˆ) defines the patch of sky ‘seen’ by the observation and K`m`′m′ is the mixing
kernel [38]. This shows the mixing of harmonic modes due to part-sky observation. At power
spectrum level we have:
〈C˜`〉 =
∑
`′`′′
(2`′ + 1)(2`′′ + 1)
4pi
W`′′
(
` `′ `′′
0 0 0
)2
〈C`′〉 =
∑
`′
M``′〈C`′〉, (3.10)
where W` is the power spectrum of the weight function W (nˆ), and M``′ is called the mixing
matrix.
Since the E and B modes define a scalar and a pseudoscalar field, we can use the E-mode
and B-mode spherical harmonic coefficient of equation (3.2) to define two scalar fields:
E(nˆ) =
∑
`m
aE,`mY`m(nˆ),
B(nˆ) =
∑
`m
aB,`mY`m(nˆ). (3.11)
In the case where there is no leakage from E to B, we can treat the E or B mode as a
decoupled scalar field. Then for part-sky analysis of E or B fields without leakage we can
use equation (3.10) to correct for the mixing of power between different harmonic modes
(mode mixing). For ideal situation the power spectrum estimate is unbiased and the error
is minimal. It is common practice to bin the estimated power spectra in multipole bins to
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average over random fluctuations. The binned spectrum D¯`, in a bin of size ∆`, centered
about ¯` is then given as:
D¯` =
`=¯`+∆`/2∑
`=¯`−∆`/2
` (`+ 1)
2pi∆`
C`. (3.12)
Since we are looking at observations from ground-based experiments dedicated to the detec-
tion of primordial B-modes, we restrict ourselves to the multipole range of 20 ≤ ` ≤ 500.
For part-sky analysis on a patch with sky fraction fsky, observed with an axisymmetric beam
with Legendre coefficients B`, with a binned noise power spectrum N¯`, the optimal error is
given as [38, 40]:
∆D¯`;optimal =
√
2
(2¯`+ 1)fsky∆`
[
D¯` + N¯`
B2¯`
][
w(4)
w2(2)
]1/2
. (3.13)
HereB2¯` is the mean squared beam value in the multipole bin, while 4pifskyw(i) =
∫ |W (nˆ)|idΩ.
The w(4)/w
2
(2) is the correction factor due to apodization [41]. In this work we are looking
for a method of part-sky polarization analysis that will give us an unbiased estimate of the
B-mode power spectrum, free from E-B leakage, and with errors equal to the ideal case
discussed above.
3.2 Part-sky analysis with E-B leakage control
In the usual part-sky analysis we know that there is E-B leakage due to coupling term
KBE`m`′m′ . The power spectra for E and B modes are given by:
〈C˜EE` 〉 =
∑
`′
[
MEE``′ 〈CEE`′ 〉+MEB``′ 〈CBB`′ 〉
]
,
〈C˜BB` 〉 =
∑
`′
[
MBE``′ 〈CEE`′ 〉+MBB``′ 〈CBB`′ 〉
]
, (3.14)
where MXY``′ is the mixing matrix for CMB polarization, which are calculated from the mixing
kernels as:
MXY``′ =
∑
mm′
1
2`+ 1
|MXY`m`′m′ |2. (3.15)
Detailed forms of the mixing matrix for polarization can be found in [42]. This is
the standard pseudo-C` (PCL) method for CMB polarization power spectra estimation. It
accounts for the E to B leakage via the mixing matrix. By inverting the equations (3.14) one
can correct for mode mixing and E-B leakage. However, this is done with a noise penalty
due to the inversion of the linear system, so that the final errors can be substantially larger
than the ideal lower bound. To test the performance of the standard PCL method in E
to B leakage control we have implemented it with the python package of NaMaster4 [42].
We have used C2 apodization [43] for the spherical harmonic transformations for all power
spectrum estimation. Throughout this work, we have suitably debiased the power spectra
estimates with the average noise power spectra obtained from 400 noise-only simulations. We
compute the power spectrum estimates for standard PCL for the following cases: I. dpatch1
for the ‘shallow’, larger patch and II. dpatch2 for the ‘deep’, smaller patch. The results for
4https://github.com/LSSTDESC/NaMaster
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Figure 4: Comparison of B-mode power spectrum estimated with different methods for the 8% fsky
patch data: dpatch1. The power spectra are estimated by standard polarization PCL method
(green), pure-B PCL method (blue), and map combination method using filtered Planck-
like simulations with 50 µK-arcmin noise (d̂Planck1), and scalar PCL (red). The black
curve represent the input CMB B-mode power spectrum (r = 0.05 on left and r = 0 on
right). The grey region shows the optimal error bounds. The dashed cyan curve shows the
noise contribution to the optimal error limits.
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Figure 5: Comparison of B-mode power spectrum estimated with different methods for the 2% fsky
patch data: dpatch2. The power spectra are estimated by standard polarization PCL method
(green), pure-B PCL method (blue), and map combination method using filtered Planck-
like simulations with 50 µK-arcmin noise (d̂Planck1), and scalar PCL (red). The black
curve represent the input CMB B-mode power spectrum (r = 0.05 on left and r = 0 on
right). The grey region shows the optimal error bounds. The dashed cyan curve shows the
noise contribution to the optimal error limits.
cases I and II are shown in figures 4 and 5 respectively. We have plotted the mean power
spectrum estimate from 300 simulations with the error bars equal to the standard deviation.
We see from those plots that the performance of the standard PCL method is not optimal,
in particular in the 2% sky patch case for which the error bars for ` ≤ 100 are very large as
compared to the theoretical optimum.
The most common method used to tackle the E to B leakage problem is to ignore the
ambiguous modes, which are those that contribute most to the total uncertainty. To do
this, one works with the pure-B field of equation (3.4). Then the part-sky B modes can be
calculated from the pure-B field, which is constructed to be orthogonal to all the E modes
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Figure 6: Comparison of B-mode power spectrum estimated with different methods for the 8% fsky
patch data: dpatch1. The power spectra are estimated by standard polarization PCL method
(green), pure-B PCL method (blue), and map combination method using filtered Planck-
like simulations with FFP10 effective noise level (d̂Planck2), and scalar PCL (red). The
black curve represent the input CMB B-mode power spectrum (r = 0.05 on left and r = 0
on right). The grey region shows the optimal error bounds. The dashed cyan curve shows
the noise contribution to the optimal error limits.
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Figure 7: Comparison of B-mode power spectrum estimated with different methods for the 2% fsky
patch data: dpatch2. The power spectra are estimated by standard polarization PCL method
(green), pure-B PCL method (blue), and map combination method using filtered Planck-
like simulations with FFP10 effective noise level (d̂Planck2), and scalar PCL (red). The
black curve represent the input CMB B-mode power spectrum (r = 0.05 on left and r = 0
on right). The grey region shows the optimal error bounds. The dashed cyan curve shows
the noise contribution to the optimal error limits.
(pure or ambiguous):
a˜B,`m =
√
(`− 2)!
(`+ 2)!
∫
W (nˆ)B(nˆ)Y ∗`mdΩ. (3.16)
There are several different approaches for using pure-B construction for E to B leakage
reduction [16–18]. In this work we use the Smith-Zaldarriaga approach [16], since it is the
best performing implementation [39]. We then proceed with the pseudo-C` method with
the pure-B field. When the part-sky B-modes are computed with the pure-B method the
mixing matrix MBE``′ (that controls the E to B leakage term) becomes few orders smaller
than the standard case. This reduces E to B leakage dramatically. For this work we have
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Figure 8: Comparison of B-mode power spectrum estimated with different methods for the CMB-
S4 patch data: dCMB-S4. The power spectra are estimated by standard polarization PCL
method (green), pure-B PCL method (blue), and map combination method using filtered
LiteBIRD-like simulations (d̂LiteBIRD), and scalar PCL (red). The black curve represent
the input CMB B-mode power spectrum (r = 0.05 on left and r = 0 on right). The grey
region shows the optimal error bounds. The dashed cyan curve shows the noise contribution
to the optimal error limits.
implemented the pure-B pseudo-C` with the python package of NaMaster, for all the three
ground survey cases considered here: I. dpatch1, II. dpatch2, and III. dCMB-S4. The results
for cases I and II are shown in 4 and 5 respectively, and results for case III is shown in 8.
We show the mean power spectrum estimate from 300 simulations with errors given by the
standard deviation. We see that while pure-B method has optimal error bars at high-`, the
performance becomes sub-optimal at low multipoles. With smaller fsky observation patch,
the performance of pure-B method deteriorates.
In figures 6 and 7 the results for the pure-B method for patches 1 and 2 are displayed
again, and are identical to those shown in figures 4 and 5. However, they are plotted together
with results for different cases of our new method for the benefit of comparison (see next
section).
3.3 Part-sky analysis with ancillary full-sky data
Most of the E-to-B leakage in a part-sky harmonic analysis arises from ambiguous modes at
the edge of the observed patch. This is easily visualized by generating a CMB map with no B
modes (signal or noise), masking the region outside of the observed patch, computing T -, E-
and B-mode harmonic coefficients with a spherical harmonic transform of the masked tem-
perature and polarization maps, and performing a back transform of the B-mode harmonic
coefficients alone to form a map of the E-to-B leakage. For the sky patches considered here
as an example, the resulting ‘leakage maps’, restricted to the observed regions, are shown in
figure 9.
We know that the E-to-B leakage occurs due to the incompleteness of the E-mode
signal outside the observation patch. So, to reduce the ambiguous modes arising from the
incomplete E-mode signal, one can make use of any additional data that provide a way to
estimate the E modes outside the observed region, and in particular in pixels at a distance
corresponding to the typical correlation length of CMB E modes. One can use CMB space
mission data, like that from the Planck space mission, where the E modes are measured with
a fair signal-to-noise ratio, to complete the E-mode signal outside the observation region.
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Figure 9: E-to-B leakage for the three sky patches considered here. Left: north sky patch 1; Center:
north sky patch 2, Right: south sky CMB-S4 patch.
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Figure 10: Wiener filter matrix components plotted against multipoles. Left: For Planck 100-143-
217 GHz effective noise power spectra. Right: For LiteBIRD 68 to 235 GHz channels
combined effective noise power spectra.
To implement E-to-B leakage reduction using space mission data outside the observed
region, we first build a full-sky minimum-variance map of E modes from simulated full sky
observations (dPlanck1, dPlanck2 and dLiteBIRD). To that effect, we use both temperature and
E-mode polarization observations, and make a map of estimated E modes at the angular
resolution of the ground-based experiment being considered.
We use a multivariate Wiener filter to build the minimum-variance E-mode map, using
the information from CMB temperature along with the E-modes to minimize the E-mode
map error. Using T is particularly important when the data outside the patch comes from
Planck observations, as the CMB temperature map is signal dominated, and thus it helps
improve E-mode signal reconstruction as compared to using polarization data alone. The
multivariate Wiener filter can be written as [44]:
W = CI†
[
ICI† +N
]−1
, (3.17)
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Figure 11: Effect of Wiener filtering and map combination. Far left: Planck CMB E map sPlanck,
Center left: Planck isotropized noise simulation from effective power spectrum nPlanck2,
Center right: Wiener filtered Planck observation d̂Planck2, and Far right: E map of the
combination dcom for dPlanck2 and dpatch1.
where:
W =
[WTT` WTE`
WET` WEE`
]
; C =
[
CTT` B
2
T,` C
TE
` BT,`BE,`
CTE` BT,`BE,` C
EE
` B
2
E,`
]
; N =
[
NTT` 0
0 NEE` .
]
Here I is the 2×2 identity matrix. We plot the different elements of the multivariate Wiener
filter in figure 10 for both Planck and LiteBIRD effective noise power spectra. We can model
our observed data as dX,`m = sX,`m + nX,`m. Then the Wiener filtered satellite mission data
is: d̂`m = Wd`m, where d`m =
[
dT,`m
dE,`m
]
. The Wiener filtered E-mode spherical harmonic
coefficients d̂E,`m can be written as:
d̂E,`m =WET` dT,`m +WEE` dE,`m. (3.18)
We use the filtered d̂E,`m, and with dB,`m set to zero, we re-synthesize the QU map (d̂sat) with
only the Wiener filtered E-mode signal and no B-mode signal. This map is then smoothed
with a Gaussian beam of the same resolution as that of the ground-based experiment. This
gives a minimum-variance E-mode-only QU map over the full sky.
The final step of the process is to combine the QU map of the ground based experiment,
dgrd, with the full sky filtered E-mode-only QU map we produced above, d̂sat. We combine
the two sets of data by filling the outside of the ground observation patch (Wgrd) with the
filtered satellite experiment data:
dcom = d̂sat (1−Wgrd) + dgrdWgrd. (3.19)
The unfiltered, simulated, dPlanck2 E-mode CMB signal, E-mode noise in the northern hemi-
sphere are shown in the left two sub-figures of figure 11. The Wiener filtered E-mode ob-
servation for this case and the combined E-mode map from dcom, when it is combined with
dpatch1, are shown in the two right sub-figures of figure 11. We can see that while the Wiener
filter is highly effective in suppressing the E-mode noise in the simulated Planck maps, it
also removes some part of the E-mode CMB signal. Therefore the final combined E-mode
map shows a discontinuity between the observed patch and outside, seen in the right panel of
figure 11. In figure 12 we show the leakage maps for our method for the three ground patches
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Figure 12: E-B leakage with E-mode combination, for the three sky patches considered here. Left:
north sky patch 1 with dpatch1 - d̂Planck1 combination; Center: north sky patch 2 with
dpatch2 - d̂Planck1 combination, Right: south sky CMB-S4 patch with dCMB-S4 - d̂LiteBIRD
combination. The leakage is mostly concentrated at the edge of the patch.
for the same CMB and noise realizations as those shown in figure 9. We can clearly see a
significant reduction in the E-B leakage with our method. The residual leakage is now mostly
concentrated along the edges of the observation patch, occurring from the discontinuity in
the E-mode signal at the edge of the patch. The level of residual leakage depends largely on
the noise level of the full sky data.
If our filtered E-mode map closely resembles the actual E-mode signal, we should have
better leakage reduction. To have an idea of how much of the E-mode signal is correctly
reconstructed in our E-mode map, we will construct few important quantities. First, we
compare the power spectrum of the filtered E map to the E-mode signal by computing the
power ratio, which we define as:
rp =
〈d̂E,`md̂∗E,`′m′〉
CEE` B
2
E,`
(3.20)
The contribution of the E-mode and T -mode projected signal in the filtered map may be
studied with:
r
Ê
=
〈d̂E,`mWEE`′ s∗E,`′m′〉
CEE` B
2
E,`
r
T̂
=
〈d̂E,`mWET`′ s∗T,`′m′〉
CEE` B
2
E,`
(3.21)
The total E-mode signal reconstructed from the noisy E-mode and T -mode information can
be studied with the reconstruction ratio:
rrec =
1
CEE` B
2
E,`
[
〈d̂E,`mWEE`′ s∗E,`′m′〉+ 〈d̂E,`mWET`′ s∗T,`′m′〉
]
. (3.22)
Finally, while the Wiener filter reconstructs the E-mode signal from noisy E-mode and T -
mode data, there is a fraction of the initial noise that it will fail to remove in the filtered
E-mode maps. To study the level of residual noise in the filtered maps we can construct the
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Figure 13: Plots showing power ratio rp (solid black line), reconstruction ratio rrec (dashed black
line), projected E-mode ratio rÊ (in red), projected T -mode ratio rT̂ (in blue) and pro-
jected noise ratio rn̂ (in green). Left: Planck with 50 µK-arcmin noise Centre: Planck
with isotropized effective FFP10 noise, Right: LiteBIRD case.
projected noise ratio:
rn̂ =
〈d̂E,`mn̂∗E,`′m′〉
CEE` B
2
E,`
(3.23)
In figure 13 we show the plot of the different ratios discussed here. The relations for the
correlations used in calculating these ratios is given in appendix A. We can see from figure
13 that the reconstruction ratio for either of the two Planck sky noise cases is not optimal.
Hence, only a fraction of the E-mode discontinuity at the patch edges can be corrected with
our method. For most of the multipole range rrec is below 0.6. The signal reconstruction
for dPlanck2 case is the worst of the three full sky maps considered in our work, especially
on large scales (it becomes equivalent to the dPlanck1 case above ` = 70). This behaviour
is explained by the noise level in the various cases considered here. The low E-mode signal
reconstruction (low rrec) problem for all the filtered Planck-like simulations arises because
the noise level in Planck E-mode maps is high, and the Wiener filter aggressively suppresses
the noise at the cost of removing the signal from the filtered maps. The importance of the
multivariate Wiener filter can also be seen from figure 13. For dPlanck1 and especially dPlanck2
we find that around ` = 20 the signal dominated T modes contribute more than the noisy E
mode towards the filtered map. It thus helps to utilize the higher quality T -mode maps in the
signal reconstruction. The dLiteBIRD reconstruction is totally signal dominated as for most
of the multipole range rrec is above 0.9. Finally, we note that the LiteBIRD E modes are
signal dominated up to ` ' 700, therefore the T -mode information is not used in the signal
reconstruction except on the smallest scales, when the E-mode noise becomes comparable
to the level of the E-mode signal. Another point to note from figure 13 is the projected
noise ratio for either of the Planck cases is around 0.15 for most of the multipole range. This
indicates the residual noise level in the filtered Planck maps. However, for signal dominated
LiteBIRD the noise ratio is negligible till high multipoles.
We study the level of residual leakage by obtaining the power spectra of the leakage
maps. Since we did not have any input B-mode signal or noise, we call this the leakage
spectrum because it arises only due the E-B leakage due the incompleteness of the sky.
We compare the leakage spectrum for our E-map combination method (for maps like those
shown in figure 12) to the case where we do nothing to control the E-B leakage (like maps
– 15 –
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(a) dpatch1 - d̂Planck1
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(c) dpatch1 - d̂ Planck2
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(d) dpatch2 - d̂ Planck2
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Figure 14: Plots show the leakage spectra for the five different cases of combined E-map method
and doing nothing. The cosmological signals in the plots are: lensing B-modes (in black),
r = 0.05 primordial B-modes (in cyan) and r = 0.005 primordial B-modes (in green).
The leakage spectrum for doing no E-B leakage control is shown in blue, while the leakage
spectrum for the combined E-map method is shown in red. The dashed lines are the leak-
age spectra obtained without apodization. The leakage spectra obtained with apodization
is shown with solid lines. The apodization length is mentioned in the legends of individual
figures.
shown in figure 9). In figure 14 we show the mean leakage spectra for 300 simulations. The
plots show results both with, and without apodization. We use the same apodization that
we use for analysis of the B-mode power spectrum results for each case. From figure 14 we
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see that the leakage is reduced when we combine the E-mode maps and that the residual
leakage is along the edges. In all cases, when using apodization, the leakage spectra for
the combined E-map method is well below the total B-mode power spectrum. We can also
relate the performance to the performance of our Wiener filtering by consulting figure 13.
The better the signal reconstruction in the filtered E-mode maps, the more suppressed will
be the residual leakage. In the filtered full sky maps outside the observation patch, a fraction
(1−rrec) of the E-mode signal is missing. It is this mismatch in the E-mode signal levels that
results in the residual leakage. Therefore, when rrec is high, as will be the case with LiteBIRD
data, the residual leakage is negligible. The performance with Planck maps is sub-optimal
(because the Planck E-mode map is not strongly signal-dominated), but the E-B leakage
reduction achieved by our method is still significant (a factor about 3 in the leakage level).
For both the patches 1 and 2, when combining with Planck signal the residual leakage with
masking is below the total B-mode power spectrum.
We obtain the B-mode power spectrum from our method, for the following five different
part-sky and filtered full sky observation pairs: I. dpatch1 - d̂Planck1, II. dpatch2 - d̂Planck1, III.
dpatch1 - d̂Planck2, IV. dpatch2 - d̂Planck2, V. dCMB-S4 - d̂LiteBIRD. For each of them we first
get the B-mode map from the combined QU map, dcom. This is a B-mode map with E-
to-B leakage reduced. Note that the combination of the filtered full sky satellite data in
the outside patch does not add any B-mode noise or signal to the combined B map, as
we had set the B modes in our filtered QU map to zero. Any additional contribution to
this map would come from residual leakage discussed above. The B-mode signal is present
only in the observation patch, hence we will mask it with an C2 apodized mask [43], and
proceed with power spectrum estimation by the scalar pseudo-C` method of equation (3.10).
The apodization helps in reducing the influence of the residual leakage at the edges of the
patch. We have implemented the scalar pseudo-C` with NaMaster python package. We plot
the mean and standard deviation for 300 random simulations. The results for the cases I
through V are shown in figures 4 to 8. We can clearly see from all the cases plotted here that
our new method gives us unbiased estimate of the B-mode power spectra with near-optimal
error bars. The performance slightly deteriorates with smaller fsky, but remains close to the
theoretical minimum for all the cases studied in this paper.
4 Discussion
We have seen in the previous section that the E-map combination method introduced here
performs adequately well for the cases presented in this work. Even with noisy full sky E-
mode data we are able to suppress the E-to-B leakage sufficiently. A comparison with the
standard method and the pure-B method for dpatch1 - d̂Planck1 and dpatch2 - d̂Planck1 (shown
in figures 4 and 5 respectively), shows that our method outperforms both the standard and
the pure-B methods. While pure-B method is a close second, it doesn’t have optimal error
bars for the first two multipole bins in the cases considered here. The standard method with
E-B mixing inversion is the worst performer of the three methods.
The combined E-map method performs significantly better than the pure-B method for
the smaller sky patch and for r = 0 case. For the dpatch1 - d̂Planck2 and dpatch2 - d̂Planck2 cases
(shown in figure 6 and 7) we find that, even with isotropized Planck effective noise levels,
our method outperforms the pure-B method with near optimal error bars.
In the dCMB-S4 - d̂LiteBIRD case (shown in figure 8) the pure-B and our method perform
comparably well, but our method has a slightly smaller (optimal) error bar in the first bin.
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When full-sky E-mode maps with high signal-to-noise ratio will be available, E-to-B
leakage due to incomplete sky analyses with future ground-based experiments can trivially
be solved using our proposed approach. However, even within the current constraints, all
the results presented in this paper highlight the usefulness of our method and it’s excellent
performance as compared to two of the most common and standard methods used in the
community.
It is clear from the discussion so far that the noise level of the full sky E-mode obser-
vations is critical for the good performance of the new method. The noise level of currently
available full sky data is constrained by the already completed Planck mission observations.
In the near future however, ground-based observations can also improve on the measurement
of E modes on a sky region significantly larger than the deep sky patch used to search for
primordial B modes. These observations, if they surround the deep patch, can be combined
with Planck for a better E-mode maps and yet reduced E to B leakage for primordial B-
mode analysis. This has implications on the choice of a scan strategy design for sub-orbital
CMB polarization experiments in the near future, as additional shallower observations around
a deep B-mode observation patch, with a signal-to-noise ratio sufficient to observe the E-
modes only, can help make a smooth merging of the ground-based E-mode signal and existing
satellite E-mode signals.
The results we have obtained in this work show that reducing E-to-B leakage by com-
pleting the E-mode signal is potentially the ultimate method for E-to-B leakage reduction
due to part-sky observations. In practice, this approach will have to take into account addi-
tional complications such as inhomogeneous and correlated noise, timestream-level filtering,
foreground residuals, etc. Although there is no conceptual showstopper for doing so, we
postpone these refinements to future study.
5 Conclusion
In this work we have proposed a new method of reducing the E-to-B leakage, by completing
the E-mode information in the the area outside the observation patch of a ground-based
survey. Our results show that this method gives unbiased estimates for the B-mode power
spectra with near-optimal error. We find that the performance depends on the noise level
of the full sky data. However, in all the cases considered the new method outperforms
the pure-B method. Though the E-map combination method needs further testing and
adjustments for realistic cases, the initial results shown here are promising, and suggest that
the complications of part sky E-B ambiguity for the detection of primordial B modes are
about to be optimally solved.
A Some important relations
We can use equation (3.18) to calculate correlations used for constructing the different ratios
defined in section 3.3. The power spectrum of the Wiener filtered E-mode map is given by:
〈d̂E,`md̂∗E,`′m′〉 = (WET` )2
[
CTT` B
2
T,` +N
TT
`
]
+ (WEE` )2
[
CEE` B
2
P,` +N
EE
`
]
+ 2WET` WEE` CTE` B2TP,` (A.1)
The contribution of the projected T -mode signal to the Wiener filtered E-mode power is
given as:
〈d̂E,`mWET`′ s∗T,`′m′〉 = (WET` )2CTT` B2T,` +WET` WEE` CTE` B2TP,` (A.2)
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The contribution of the projected E-mode signal is given as:
〈d̂E,`mWEE`′ s∗E,`′m′〉 = (WEE` )2CEE` B2P,` +WET` WEE` CTE` B2TP,` (A.3)
The total projected noise contribution to the Wiener filtered E-mode maps is:
〈d̂E,`mn̂∗E,`′m′〉 = (WET` )2NTT` + (WEE` )2NEE` (A.4)
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